Theorem 0.2 in the author's paper [11] asserts that a Lagrangian Klein bottle in a projective complex surface must have non-zero mod 2 homology class. A gap in the topological part of the proof of this result was pointed out by Leonid Polterovich. (It is erroneously claimed in §3.6 that a diffeomorphism of an oriented real surface acts in some natural way on the spinor bundle of the surface.)
Lemma 1.4. If S ⊂ X is an embedded surface in a smooth manifold such that [S] = 0 ∈ H 2 (X; Z/2), then [ℓ] = 0 ∈ H 1 (X; Z/2) for any characteristic circle ℓ ⊂ S.
Proof. If S is orientable, there is nothing to prove. Otherwise, let ξ ∈ H 1 (X; Z/2) be any mod 2 cohomology class. The obstruction to lifting it to an integral cohomology class lives in H 2 (X; where the vertical arrows are restrictions to S and horizontal arrows reductions modulo 2. It follows that the map H 2 (X; Z) → H 2 (S; Z)( ∼ = Z/2) is trivial. Hence, the restriction of ξ to S lifts to an integral cohomology class on S and has zero pairing with u = [ℓ] by the previous lemma. Thus, [ℓ] = 0 ∈ H 1 (X; Z/2) by Poincaré duality over Z/2.
1.2.
Viro index (cp. [15, §4] ). An embedded surface S ⊂ X in an almost complex four-manifold (X, J) is called totally real if J(T p S) is transverse to T p S at every point p ∈ S. Definition 1.5. Let ℓ ⊂ S be a two-sided simple closed curve on a totally real surface S ⊂ X. Its C-normal pushoff ℓ ♯ is the isotopy class of curves in X \ S containing the pushoff of ℓ in the direction of the vector field Jν ℓ,S , where ν ℓ,S is a non-vanishing normal vector field to ℓ in S.
The C-normal pushoff is well-defined because any two non-vanishing normal vector fields on ℓ ⊂ S are homotopic through non-vanishing sections of T S| ℓ . Definition 1.6. Let S ⊂ X be a totally real surface with [S] = 0 ∈ H 2 (X; Z/2) in an almost complex four-manifold (X, J), and let ℓ ⊂ S be a two-sided simple closed curve such that [ℓ] = 0 ∈ H 1 (X; Z/2). The Viro index of ℓ is the modulo 2 linking number
where ℓ ♯ is the C-normal pushoff of ℓ.
Lemma 1.7. Let S ⊂ X be a totally real surface such that (w 2 (X), [S]) = 0. Then every characteristic circle ℓ ⊂ S is two-sided.
Proof. Note that T X| S ∼ = T S ⊕ T S and therefore w 2 (T X| S ) = w 1 (S) ∪ w 1 (S) by the Whitney formula. Hence, (w 1 (S), [ℓ]) = w 1 (S) 2 = (w 2 (T X), [S]) = 0, which proves the lemma.
Lemmas 1.4 and 1.7 show that the Viro index is defined for any characteristic circle on a nullhomologous totally real surface. If the ambient manifold is compact, then we have a topological formula which is closely related to the results of Netsvetaev [12] and Polterovich [13, §5] . Theorem 1.8. Let ℓ be a characteristic circle on a totally real surface S with [S] = 0 ∈ H 2 (X; Z/2) in a compact almost complex four-manifold X. Then
where χ(S) is the Euler characteristic of S.
Example 1.9 (Klein bottle case). If ℓ = m is a meridian of a totally real homologically trivial Klein bottle K ⊂ X, then the theorem shows that V (m) = 1 mod 2. In other words, the C-normal pushoff of the meridian is non-trivially linked with K, which is the result that will be used in the proof of Theorem A. Proof. The real wedge product τ ℓ ∧ ν ℓ,S is a non-vanishing section of the real determinant bundle Λ 2 R T S restricted to ℓ. Note first that it can be extended to a global non-vanishing section of the complexification Λ 2 R T S ⊗ C. Indeed, the obstruction is given by w 1 (S \ ℓ) 2 and hence vanishes because ℓ is a characteristic circle on S.
It remains to note that, for the totally real surface S ⊂ X, the map
C T X| S defined by replacing the real wedge product on T S by the complex one on T X is an isomorphism. Let σ ∈ Γ(X, Λ 2 C T X) be a generic global extension of the section constructed in the lemma. Then the zero set Σ = {x ∈ X | σ(x) = 0} is an oriented two-dimensional submanifold of X disjoint from S. Note that the integral homology class of Σ is Poincaré dual to the first Chern class of X. Hence, both Σ and Σ ⊔ S are characteristic submanifolds of X, i. e., their mod 2 homology classes are Poincaré dual to the second Stiefel-Whitney class of X.
Let further M ⊂ X be an embedded surface with boundary ∂M = ℓ that is normal to S along ℓ and whose interiour intersects S and Σ transversally. Such surfaces exist (because [ℓ] = 0 ∈ H 1 (X; Z/2) by Lemma 1.4) and are called membranes for ℓ ⊂ S ⊔ Σ.
The Rokhlin index of M (with respect to Σ ⊔ S) is defined by the formula
where n(M, ν ℓ,S ) ∈ Z is the obstruction to extending ν ℓ,S to a non-vanishing normal vector field on M , and #(M ∩ S) and #(M ∩ Σ) are the numbers of interiour intersection points of M with S and Σ, respectively.
Proof. To any characteristic two-dimensional submanifold F ⊂ X there is associated a quadratic function q F : Ker ι * −→ Z/4 on the kernel of the inclusion homomorphism ι * : H 1 (F ; Z/2) → H 1 (X; Z/2) called the Rokhlin-GuillouMarin form of F (see [5] , [1] , and [2, §2.6]). The value of this function on the characteristic homology class u ∈ H 1 (F ; Z/2) (assuming that u ∈ Ker ι * ) satisfies the congruence
where sign(X) is the signature of the four-manifold X. This formula is due to Rokhlin (at least in the case when ι * = 0, see [6, n Applying (1.1) to the characteristic submanifolds Σ ⊔ S and Σ, respectively, and using the orientability of Σ, we obtain that Let us now choose the membrane M more carefully. Namely, assume henceforth that it has the following additional properties:
1) The tangent space to M at each point p ∈ ℓ is spanned by τ ℓ (p) and Jν ℓ,S (p). Note that these two vectors in T p X are linearly independent over C so that M is totally real near its boundary. 2) The complex points of M (i. e., the points p ∈ M such that J(T p M ) = T p M ) are generic. The first property is achieved by spinning M around ℓ, and the second one by a small perturbation of the result. The Rokhlin index of this special membrane M can be calculated from a modulo 2 version of Lai's formulas for the number of complex points of M (see [7] and [3, §4.3]). Lemma 1.13. R(M ) = 1 + V (ℓ) mod 2.
Proof. Note first that the pushoff of ℓ inside M is the C-normal pushoff of ℓ by property (1) The obstruction n(M, ν ℓ,S ) can be computed as follows. Let τ be a generic tangent vector field on M such that τ = −Jν ℓ,S on ℓ = ∂M . (Note that τ is transverse to ∂M .) Then Jτ fails to give a non-vanishing normal extension of ν ℓ,S at the points p ∈ M such that Jτ (p) ∈ T p M . These points are, firstly, the zeroes of τ and, secondly, the complex points of M . Neglecting the signs involved, we get the modulo 2 formula
where χ(M ) is the Euler characteristic of M and c(M ) is the number of complex points on M . Similarly, let us consider the modulo 2 obstruction to extending the section σ ℓ (from Lemma 1.10) to a non-vanishing section of Λ 2 C T X| M . On the one hand, it is equal to #(M ∩ Σ) mod 2 because M ∩ Σ is the transverse zero set of such an extension σ| M . On the other hand, observe that
As we have already seen in the proof of Lemma 1.10, the obstruction to extending τ ℓ ∧ C ν ℓ,M from ∂M to a non-vanishing section of Λ Combining formulas (1.2) and (1.3) gives the congruence
The right hand side is equal to 1 mod 2 for any surface M with a single boundary component, and the lemma follows.
It is now easy to complete the proof of the theorem. Lemmas 1.13 and 1.12 show that
and it remains to observe that S · S = −χ(S) for any totally real embedded surface S.
Application of Luttinger's surgery

Explicit model (cp. [4, §2]).
Let us first consider the (trivial) cotangent bundle T * T of the two-torus with the coordinates (ϕ, ψ, r, θ) ∈ R/2πZ × R/2πZ × R + × R/2πZ, where (ϕ, ψ) are the standard coordinates on the torus and (r, θ) are the polar coordinates on the fibre such that (r cos θ, r sin θ) are the canonical "moment" coordinates corresponding to (ϕ, ψ). The Luttinger twist f n,k is the diffeomorphism of the hypersurface {r = 1} ⊂ T * T given by
for a pair of integers (n, k) ∈ Z 2 . The crucial property of this map is that it preserves the restriction of the canonical symplectic form to the hypersurface {r = 1}.
The Klein bottle K is the quotient of the torus by the equivalence relation (ϕ, ψ) ∼ (ϕ + π, −ψ).
Hence, the cotangent bundle of K is the quotient of the cotangent bundle of the torus by the relation (ϕ, ψ, r, θ) ∼ (ϕ + π, −ψ, r, −θ).
It follows that the Luttinger twists f 0,k with n = 0 descend to the hypersurface {r = 1} ⊂ T * K. On T * K we consider the Kähler structure (g 0 , ω 0 , J 0 ) defined by the flat metric and the canonical symplectic form. This structure lifts to the similarly defined structure on T * T and is given by the same formulas in the coordinates (ϕ, ψ, r, θ). 2.2. Reconstructive surgery. Let K ⊂ X be a totally real Klein bottle embedded in an almost complex four-manifold (X, J). Then there exists a closed tubular neighbourhood N ⊃ K orientation preserving diffeomorphic to the unit disc bundle DT * K = {r ≤ 1} ⊂ T * K. Furthermore, the diffeomorphism can be chosen so that the almost complex structure J on T X| K corresponds to the standard complex structure J 0 . Theorem 2.2. Let K ⊂ X be a nullhomologous totally real Klein bottle in a compact almost complex four-manifold. Then the Luttinger surgery
makes the Klein bottle K homologically non-trivial.
Proof. By Lemma 1.4, the meridian m ⊂ K is nullhomologous in X (modulo 2). The Mayer-Vietoris sequence for X = N ∪ (X \ N ) shows that there exists a homology class ζ ∈ H 1 (∂N ; Z/2) such that maps this fibre to the curve m ′′ . It follows that the disc bounded by the fibre in N and the chain bounded by m ′′ in X \ N are glued together into a 2-cycle in X ′ . The intersection index of this cycle with K is non-zero, and therefore K is homologically non-trivial in X ′ .
Corollary 2.3. dim Z/2 H 1 (X ′ ; Z/2) = dim Z/2 H 1 (X; Z/2) + 1.
Proof. Consider the following long exact sequences in cohomology with compact support: 
